Abstract-The focus of this paper is on the performance of orthogonal frequency division multiplexing (OFDM) signals in mobile radio applications, such as 802.11a and digital video broadcasting (DVB) systems, e.g., DVB-CS2. The paper considers the evaluation of the error probability of an OFDM system transmitting over channels characterized by frequency selectivity and Rayleigh fading. The time variations of the channel during one OFDM symbol interval destroy the orthogonality of the different subcarriers and generate power leakage among the subcarriers, known as Inter-Carrier Interference (ICI). For conventional modulation methods such as phase-shift keying (PSK) and quadrature-amplitude modulation (QAM), the bivariate probability density function (pdf) of the ICI is shown to be a weighted Gaussian mixture. The large computational complexity involved in using the weighted Gaussian mixture pdf to evaluate the error probability serves as the motivation for developing a two-dimensional Gram-Charlier representation for the bivariate pdf of the ICI. It is demonstrated that its truncated version of order 4 or 6 provides a very good approximation in the evaluation of the error probability for PSK and QAM in the presence of ICI. Based on Jakes' model for the Doppler effects, and an exponential multipath intensity profile, numerical results for the error probability are illustrated for several mobile speeds.
I. INTRODUCTION

I
N OFDM systems, a serial data stream is split into parallel streams that modulate a group of orthogonal sub-carriers. Compared to single carrier modulation, OFDM symbols have a relatively long time duration, but a narrow bandwidth. Consequently, OFDM is robust to channel multipath dispersion and results in a decrease in the complexity of equalizers for high delay spread channels or high data rates. However, the increased symbol duration makes an OFDM system more sensitive to the time variations of mobile radio channels. In particular, the effect of Doppler spreading destroys the orthogonality of the sub-carriers, resulting in inter-carrier interference (ICI) due to power leakage among subcarriers.
In several previous publications [1] - [4] , the system performance for OFDM was analyzed based on the assumption that the ICI distribution is Gaussian by invoking the central limit theorem. In other related papers [5] - [9] , efforts have been made to evaluate the effect of ICI by calculating its average power and comparing it with the power of the desired signal. In [5] [6], the carrier to interference (C/I) ratio has been introduced to demonstrate the effect of the ICI under various maximum Doppler spreads and different Doppler spectra. Through numerical evaluations of the C/I ratios, it is reported in [7] that an OFDM system is robust to frequency selectivity but quite sensitive to time varying fading channels. Li and Cimini [8] provide universal bounds on the ICI in an OFDM system over Doppler fading channels, which are easier to evaluate and can provide useful insights compared with the exact ICI expression. Furthermore, the closed-form expression of ICI power is derived and evaluated in [9] , where the normalized ICI power is represented as a function of the normalized Doppler spread. However, all these papers do not attempt to determine the underlying probability distribution function (pdf) of the ICI.
In this paper we focus on providing a statistical analysis for the ICI in an OFDM system that employs conventional PSK and QAM signal modulation in a frequency selective, Rayleigh fading time-varying channel. The channel, which is assumed to be wide-sense stationary with uncorrelated scattering (WSSUS), is modeled by a two-dimensional correlation function in time and frequency, representing the time variations and frequency selectivity of the channel. Each subchannel is assumed to be frequency flat and, based on the power series model developed by Bello [10] , a two-term Taylor series expansion is used to model the time variations in an OFDM symbol. Jakes' model [14] is used as the model for the Doppler power spectrum and an exponential multipath intensity profile is the model adopted for the multipath effects. A cyclic prefix is assumed to remove the effects of intersymbol interference. Based on this channel model, the ICI is expressed as the summation of leakage terms into each of the subcarriers and its pdf is shown to be characterized statistically by a bivariate pdf that is a weighted sum of Gaussian pdfs.
In deriving the probability of error for the OFDM system in the presence of ICI, the use of the weighted Gaussian pdf proves to be computationally intensive. This difficulty serves as the motivation to develop a two-dimensional Gram-Charlier series to represent the pdf of the ICI. A truncated version of the Gram-Charlier is used in the evaluation of the error probability for PSK and QAM signal modulations in an OFDM system. The paper is organized as follows: In Section II we describe the model for the OFDM system. In Section III we describe the channel model and use a Taylor series expansion for the time variations within an OFDM symbol. In Section IV an expression for the ICI and its power is presented. Section V provides a thorough analysis of the statistics of the ICI, its joint probability density, joint moments, and a twodimensional Gram-Charlier representation. In Section VI, the error rate performance of BPSK and 16-QAM OFDM systems are presented and compared. Finally, concluding remarks are given in Section VII.
II. OFDM SYSTEM
An OFDM system with N subcarriers is represented in Fig.  1 . In an OFDM system that employs M -ary digital modulation, a block of log 2 M input bits is mapped into a symbol constellation point d k by a data encoder, and then N symbols are transferred by the serial-to-parallel converter (S/P). If 1/T is the symbol rate of the input data to be transmitted, the symbol interval in the OFDM system is increased to N T , which makes the system more robust against the channel delay spread. Each sub-channel, however, transmits at a much lower bit rate of
modulate a group of orthogonal subcarriers, which satisfy
where
NT , (i = 1, 2, · · · , N) Consider the system shown in Fig. 1 . The baseband transmitted signal can be represented as
(2) We denote by 2E s the average energy for the complex baseband symbol s k . Then s k is given by
where 
III. CHANNEL MODEL
We consider a frequency selective randomly varying channel with impulse response h(t, τ ). Within the narrower bandwidth of each sub-carrier, compared with the coherence bandwidth of the channel, the sub-channel is modeled as a frequency nonselective Rayleigh fading channel. Hence, the channel impulse response h k (t, τ ) for the k th subchannel is denoted as
where the process {β k (t), −∞ < t < ∞} is a stationary, zero mean complex-valued process described as follows: It is assumed that the processes {β k (t), −∞ < t < ∞}, k = 1, . . . , N, are complex-valued jointly stationary and jointly Gaussian with zero means and cross covariance function
For each fixed k, the real and imaginary parts of the process {β k (t), −∞ < t < ∞} are assumed independent with identical covariance function. We further assume that the correlation function R β k ,β l (τ ) has the following factorable form
which has been frequently used in the literature, e.g., [4] [15] [16] , and which is sufficient to represent the frequency selectivity and the time-varying effects of the channel. R 1 (τ ) gives the temporal correlation for the process {β k (t), −∞ < t < ∞} which is seen to be identical for all k = 1, . . . , N. R 2 (k) represents the correlation in frequency across subcarriers. We assume in this paper that the corresponding spectral density ψ 1 (f ) to R 1 (τ ) is given by the Doppler power spectrum, modeled as in Jakes [14] , i.e.,
where F d is the (maximum) Doppler bandwidth. Note that where J 0 (τ ) is the zero-order Bessel function of the first kind. In order to specify the correlation in frequency across subcarriers, we adopt an exponential multipath power intensity of the form S(τ ) = αe −ατ , τ > 0, α > 0 where α is a parameter that controls the coherence bandwidth of the channel. The Fourier transform of S(τ ) yields
which provides a measure of the correlation of the fading across the subcarriers as illustrated in Fig. 2 
NT is the frequency separation between two adjacent subcarriers. The 3dB bandwidth of ψ 2 (f ) is defined as the coherence bandwidth of the channel and easily shown to be f coherent = √ 3α
2π . The channel model described above is suitable for modeling OFDM signal transmission in mobile radio systems, e.g., cellular systems and broadcasting systems. For example, in DVB-CS2 with 2000 subcarriers, the symbol duration N T is 500μs. In contrast, the delay spread of many fading channels is much smaller, which make it reasonable to view each subcarrier as a flat fading channel. However, compared with the entire OFDM system bandwidth W = 1/T , the coherence bandwidth f coherent is usually smaller, f coherent < W , especially in an outdoor wireless communication environment. Hence, the channel is frequency-selective over the entire OFDM bandwidth.
We now turn our attention to modeling the time variations of the channel within an OFDM symbol interval. For most practical mobile radio fading channels, the time-varying effects in the channel are sufficiently slow, i.e., the coherence time is always much larger than the interval of an OFDM symbol [17] [18] . For such slow fading channels, we use the two terms Taylor series expansion, first introduced by Bello [10] , to represent the time-varying fading response β k (t) as the following form:
Therefore, the impulse response of the k th subchannel is expressed as
Since R 1 (τ ) of (8) is infinitely differentiable, all mean-square derivatives exist and thus the differentiation above is justified. We use this model for the time variations of the channel within an OFDM symbol.
IV. EXPRESSION FOR THE ICI AND ITS POWER
Let s(t) be the baseband signal transmitted over the channel with impulse response h(t, τ ) as modeled above. Then the baseband received signal with additive noise may be expressed as
where denotes convolution and n(t) is the additive noise, which is modeled as a Gaussian process with zero mean and spectrally flat within the signal bandwidth, with onesided spectral density N 0 watts/Hz. By using the Taylor series expansion for β k (t) as given in (11), we obtain
The received signal in a symbol interval is passed through a parallel bank of correlators, where each correlator is tuned from Equation (25) Reference [9] Reference [5] , [6] to one of the N subcarriers. The output of the i th correlator is
Substituting (13) into (14), we obtain
The first term yields
The second term yields
Finally, the additive noise term is
where n i is a complex Gaussian noise with zero mean and variance N 0 /E s . Thus we have
In Section V we establish the statistical properties of the ICI term. Here, we obtain the C/I ratio and we compare the result with those obtained in [5] , [6] , [8] , and [9] , which are based on different models for the time variations.
From Equation (19) , the average power of the desired signal is
Since
In particular, the first-order derivative process {β k (t), −∞ < t < ∞} is a zero mean complexvalued Gaussian process with correlation function
with corresponding spectral density
Then,
Thus, the power of the interference (ICI) is
Note that
with zero means. Thus J 1 = 0. It then follows that
Thus the signal to interference ratio (C/I) ratio can be expressed as
The C/I curve of the middle subcarrier, i.e., subcarrier index k = N/2, is plotted versus the Doppler frequency F d in Fig.  3 (a) . The OFDM system is assumed to have N = 256 subcarriers, with subcarrier spacing Δf = 1/N T = 7.81KHz, and carrier frequency f c = 2GHz. The C/I curve given in Fig. 3 (a) matches very well with the results given in [5] [6] [9] , which were obtained without the use of Taylor series approximation. Furthermore, using an expanded scale in Fig.  3 (b) , we compare our analytical result with the upper and lower bounds on C/I given by Li and Cimini [8] .
In order to evaluate the approximation effect embodied in the two-term Taylor series expansion, we also demonstrate in Fig. 4 the comparison of the C/I ratio curves of the same OFDM system in very high Doppler frequency regimes. We can observe from Fig. 4 that the two-term Taylor series expansion model well approximates the actual fading channel up to a relatively large Doppler frequency 10000Hz, i.e., the two-term Taylor series expansion model becomes inaccurate only when F d is larger than 10000Hz, which is equivalent to a normalized Doppler frequency of 1.28. This is larger than any practical wireless fading channel for OFDM applications. For example, if we consider 802.11a with carrier frequency of 5GHz, the terminal must be moving at a speed of 2160km/hr. Overall, the two term Taylor expansion channel model is a from Equation (25) Reference [9] Lower bound from Reference [8] Reference [5] , [6] very good approximation of the time variations encountered in many physical channels.
V. THE DISTRIBUTION AND MOMENTS OF THE ICI
In this section we derive expressions for the bivariate probability density and joint moments of the ICI complex random variable Z including a two-dimensional Gram-Charlier expansion. We carry out this analysis in a fairly general setting so that the results can be applied to situations where the channel model and the signal constellation are different from those assumed in the previous sections. Let
where the a k 's are real-valued constants and the sets of random variables
T is complex-valued circular Gaussian with zero mean and N × N complex-valued covariance matrix Σ = E[XX * T ]. We allow Σ to be an arbitrary covariance matrix. It is readily evident from (26) that, given the {d k }, Z is conditionally complex Gaussian random variable. We seek an explicit expression for the the joint probability density of its real and imaginary parts. Decompose X k into its real and imaginary parts,
. . , N, and define the 2N × 1 real-valued Gaussian vector
is given by (see for example [19] ) 
where b l and c m are real-valued. This allows general signal constellations. Finally the constants {a k } appearing in (26) are arbitrary; in the special case that will be considered later, we set a k = 1/(k − i), for k = i and a k = 0 for k = i. In this case, ICI = NT 2πj Z. Decompose the complex-valued random variable Z of (26) into its real and imaginary parts,
and let f Zr,Zi (u, v) be its joint probability density. We first seek an expression for this density and its joint moments. It can be seen that f Zr,Zi (u, v) is a Gaussian mixture and one can write (b l1 , . . . , b lN ; c m1 , . . . , c mN ) 
where σ 11 (i, k) is the (i, k)th entry of the matrix Σ 11 and σ 12 (i, k) is the (i, k)th entry of the matrix Σ 12 defined in (27). It follows that
where f Y (u) is a one-dimensional Gaussian density with zero mean and variance given by (31). Equation (32) allows the computation of the joint moments of (Z r , Z i ). We have
and since
it follows that
Note that when the real and imaginary parts of the signal constellation points are independent and equally probable, there is a significant simplification in (32) and (35) ] to obtain an approximation of the joint probability density f Zr ,Zi (u, v) . This is carried out below using a two-dimensional GramCharlier expansion.
The one-dimensional Gram-Charlier expansion and its rate of convergence are as follows [20] 
The first few Hermite polynomials are given by
The Hermite polynomials satisfy the orthogonality relationship
where δ n,k is the Kronecker delta. Let g(x) be a probability density function of a real-valued random variable X. It can be expanded in a Gram-Charlier series
where the coefficient θ n is given by
and by (36), can be expressed in terms of the moments of X up to order n:
The convergence properties of the Gram-Charlier series are presented in [21] : Set
then if g(x) has s continuous derivatives satisfying certain integrability conditions ( [21] , Theorem II and Corollary I), we have
uniformly in x. Thus, the smoother g(x) is, the better the approximation of g(x) by g K (x). In two-dimensions, the GramCharlier series takes the following form (see for example [22] ): Let (X, Y ) be jointly distributed random variables with probability density function g(x, y). We can then represent g(x, y) in a two-dimensional Gram-Charlier series
where the coefficient θ n,m is given by
In view of (36), it is seen that θ n,m can be expressed in terms of the joint moments of (X, Y ):
Applying the representation (44) to the bivariate density f Zr,Zi (u, v) we have
where the coefficient θ n,m is now given by
Note that by (35) θ n,m is nonzero only if both n and m are even. In practice the two-dimensional Gram-Charlier series (47) is truncated at a total order K, i.e., It is easy to see that instead of (47) we now have
and the representation is truncated at n + m ≤ K. We now specialize the above general results to the case introduced in the previous sections. For the covariance matrix of the vector X, set
It then follows from (6) that the (i, k)th component of the covariance matrix Σ 11 is given by
Similarly, it is seen that the (i, k)th component of the covariance matrix Σ 12 is given by
Note that this vanishes for l = k. Next we specify the values and corresponding probabilities of the signal constellation points. Unlike the general formulation earlier, we now assume that d k,r and d k,i are independent taking values from a square M-point QAM signal constellation with equal probabilities
This corresponds to setting
with L = √ M in our general formulation. Finally, we set a k = 1/(k − i), for k = i and a k = 0 for k = i. Thus for the special case, the expression for σ 2 Y of (31) remains applicable with a k as specified above and b k = kd, c m = md and the values of σ 11 (i, k) and σ 12 (i, k) are specified in (53) and (54) respectively. The expression for f Zr,Zi (u, v) of (32) simplifies to
(56) where we use the compact notation
The joint moments 
Similar computations hold for the scaled Gram-Charlier expansion (50). The above Gram-Charlier approximation method can be easily applied to Rician fading statistics. The only difference in applying the above proposed approximation approach is to adjust the corresponding ICI joint moments. In this paper, our results are limited to Rayleigh fading statistics.
VI. EVALUATION OF OFDM SYSTEM PERFORMANCE
We now evaluate the error probability for an M -QAM system with coherent detection. In view of (19) and (26) we can write
where Z represents the ICI contribution whose statistics were thoroughly studied in Section V. We assume that we have perfect knowledge of β i (t 0 ) in each sub-channel and we form the decision variable 2 , and n i = n i,1 + jn i,2 for their real and imaginary parts. Then
[
(63) A final decision is made by comparing the location of random variable D i with the M -QAM constellation points and selecting the signal point that is nearest to d i . The decision of the detector is based on (61): Assuming a symmetric rectangular QAM signal constellation, the detector performs independent decisions on the real and imaginary parts conditioned on a particular channel realization β i (t 0 ) and ICI realization Z. A symbol error occurs if either the real or imaginary components are in error. Let A i be the event of making an error in the real (or imaginary) part in the i th sub-channel. Then, conditioned on a particular channel realization β i (t 0 ) and ICI realization Z, we have the following equations for the probability of error in the x (real) and y (imaginary) parts:
(65)
The conditional symbol error probability is then given by
In order to obtain unconditional probability of error, we average over the distributions of the ICI variable Z and over the distribution of β i (t 0 ). We first note that the bivariate probability density f Zr ,Zi (u, v) of the ICI disturbance Z is given in (56) and its Gram-Charlier approximation by (49). We further note that the ICI complex random variable Z and the channel random variable β i (t 0 ) are independent. This follows from the following argument: The process {β l (t), −∞ < t < ∞} is complex Gaussian with covariance function R β l ,β l (τ ) = R 1 (τ ) given by (8) . The derivative process
Since the processes are jointly Gaussian, the random variable
and thus independent of Z in view of the ICI term in (19) . We finally note that the the real and imaginary parts of β i (t 0 ) are independent zero mean Gaussian random variables with identical variance equals 1/2. Thus
. The above multidimensional integration can be evaluated by numerical integrations. The system performance is obtained by averaging over all sub-channels,
Since the probability density f Zr ,Zi (u, v) of the ICI variable is quite involved (see (56)), we use the Gram-Charlier approximation developed in Section 5. We have
with coefficientsθ n,m given by (51) and with joint moments given by (58). Here
. This leads to an approximate probability of error,
Figs. 5 through 6 illustrate the symbol error probability of uncoded 16-QAM OFDM system with bandwidth W = 1/T = 1M Hz over a frequency-selective channel with an exponential multipath power intensity and channel coherence bandwidth (3dB bandwidth) of W/4 under different Doppler spreads, At the higher speeds, we observe that the ICI causes a large deterioration in performance as the number N of subcarriers increases. When the average SNR (E b /N 0 ) is large, the ICI is ultimately the limiting factor in performance at any speed and for any N . Fig. 7 provides a comparison in error rate performance between BPSK (bit error probability) and 16-QAM (symbol error probability) when the mobile speed is 100km/hr. In this case, we observe that the ICI causes a significantly higher Next we compare the performance for two practical OFDM systems. One is an IEEE 802.11a system, the other is a Digital Video Broadcasting (DVB) system operating in the CS2 mode. Both systems are operating at a signal to noise ratio (SNR) of 40dB in a vehicle traveling at a speed of 200km/hr and both employ uncoded 16-QAM modulation. The SER degradation for the two systems is different for the same mobile Rayleigh fading channel. As can be seen in the Table I , the average error rates of 802.11a and DVB-CS2 increase by 1.94 times and 155 times respectively, compared to the case of no Doppler spread.
The error probability shown in Fig. 5 through 7 were evaluated by using equations (67), (69), and (70) with K = 4 in the Gram-Charlier expansion. We found that K = 4 provides a very close agreement with the error rate performance obtained from Monte Carlo simulation. For example, Fig. 8 illustrates the probability of a symbol error for 16-QAM and a mobile speed of 100 km/hr for three different orders of the GramCharlier series, K = 2, 4, 6, and the result obtained from simulation. We observe that K = 4 provides a very close approximation to the simulation results. We point out that Gram-Charlier approximations of orders K = 0 and K = 2 both result in a bivariate Gaussian pdf with uncorrelated (Z r , Z i ) components. Consequently, the approximation for K = 0 and K = 2 corresponds to the case in which the ICI is modeled as bivariate Gaussian with uncorrelated real and imaginary components. Fig. 9 illustrates the comparison of the performance obtained with the Gaussian approximation (Gram-Charlier expansion of order 2) for the ICI and the non- Gaussian approximation (Gram-Charlier expansion of order 4). We note that the Gaussian model (K = 2) give results that differ from the simulation results illustrated in Fig. 8 and the non-Gaussian approximation (G.C. order 4) in Fig.  9 by one or more dB depending on the SNR. The mismatch between the Gaussian approximation and the actual system performance is due to the fact that the ICI interference is not Gaussian distributed, as is illustrated in Section V. The most important feature of the Gram-Charlier approximation lies in the property that it makes use of the higher order statistics (moments) of the ICI, by employing a higher order GramCharlier approximation. Thus, the Gram-Charlier expansion provides a better match to the pdf of the ICI than the Gaussian approximation (which is based on second order statistics).
There is also a major difference between Gram-Charlier approximation of higher order K ≥ 4 and a Gaussian approximation for the ICI. In a Gaussian approximation, the system performance only depends on the number of OFDM subcarriers and the normalized Doppler spread, due to the fact the second order moment of the ICI only depends on these two parameters. Therefore, the performance approximation obtained with the Gaussian model for the ICI can not represent the effect of channel frequency selectivity of the overall OFDM system. On the other hand, by using Gram-Charlier approximation, the ICI joint moments of order K ≥ 4 do not only depend on the normalized Doppler frequency and the number of subcarriers, but also depend on the correlation structure among the subcarriers (hence the power delay profile of the frequency selective fading channel), and the baseband modulation constellations. Therefore, the Gram-Charlier approximation provides us with a much more accurate approach in evaluating the performance of an OFDM system under different frequency selective fading channel conditions. As an example, we demonstrate in Fig. 10 the system performance curves as well as their Gram-Charlier approximations (of order 4) of the same OFDM system transmitting over different frequency-selective fading channels with coherence bandwidth W/4 and W/32. We observe from the plot that the proposed Gram-Charlier approximation (with order K = 4) accounts for the effects of frequency-selectivity on ICI interference whereas the simple Gaussian approximation does not.
VII. CONCLUDING REMARKS
In this paper, the performance of an OFDM system was analyzed with respect to its sensitivity to Doppler related inter-carrier interference. We obtained explicit formulas for the bivariate probability density of the ICI, its joint moments, as well as two-dimensional Gram-Charlier representation and approximation. The performance of the OFDM system was obtained based on a truncated Gram-Charlier expansion of the ICI bivariate density. The effect of the Doppler spread in a time variant mobile radio channel on the performance of QAM and BPSK OFDM systems was evaluated. The performance of OFDM systems for M-ary PSK can be evaluated in a similar manner using the methods described in this paper.
